We present an intuitive frequency-domain model of microresonator-based frequency combs in which large numbers of comb modes act as a few superoscillators. Our model is linked to a recently-developed description of periodic pulse patterns (soliton crystals).
( ) = ( − 1 )( − 2 ) ⋯ ( − ) ( − 1 )( − 2 ) ⋯ ( − ) (1) Figure 1 . Illustration of the formation of frequency combs within microresonators, the relevance of the frequency response function to this process and the link to soliton crystals [9] in the time domain. (a) An optical microresonator is pumped with CW light, generating a frequency comb via four-wave mixing. (b) The envelope of the comb spectrum can be described as the response X(ω) of the microresonator, which is given by the force term F(ω) multiplied by the frequency response function H(ω). F(ω) takes the form of a hyperbolic secant, which comes from the interaction of the Kerr nonlinearity with dispersion in the microresonator, and corresponds to the spectrum of a Kerr soliton [7] . H(ω) is a function containing poles and zeros ("positive and negative superoscillators") as in equation (2) In comb spectra that can be described by equation (1), the poles and zeros in fact belong to series that are equally spaced in frequency, meaning that H(ω) can be reduced to simpler forms such as (2) . This reflects the fact that in the time domain the combs consist of a "crystal" of equally-spaced identical solitons with a localized set of one or more anomalous spacings. Equation (2) corresponds to a crystal of regular spacing τ with a single anomalous spacing (α + 1)τ. Figure 2a shows the experimental setup used to measure the phases of the individual comb lines. Figure 2b depicts a possible mechanism for the generation of the superoscillators in the frequency domain, in which positive superoscillators, or poles in the spectrum, are generated around zero crossings of the resonator mode/comb line detuning parabola as it moves up and down from the dynamic Kerr shift. This mechanism is illustrated by the comb spectrum in Figure 2 , in which bunches of comb lines appear around the Turing pattern or primary comb [10] lines as the pump is tuned into resonance. This spectrum and those in Figure 2d can all be described by equation (2), meaning that in the time domain they consist of a regular soliton crystal with a single anomalous spacing.
Figure 2 (a)
The experimental setup used to measure the combs' phase spectra (see [11] for a full description of this method). (b) Generation of superoscillators around a zero crossing of the detuning parabola for a comb in which the pump is blue-detuned from its cavity resonance. The detuning parabola represents the detuning δrc of the various resonator modes relative to their corresponding comb modes in a resonator with pure quadratic anomalous dispersion and a pump frequency that is blue-detuned from its resonance. The parabola moves down, e.g. from the yellow to the blue curve, as a result of the instantaneous Kerr shift from a passing light pattern in the microresonator. For each parabola, superoscillators are generated around the points where the detuning crosses zero, as the parametric gain varies with δrc as the Lorentzian 1/(δrc 2 + γ 2 ) where γ is the resonator's half linewidth. (c) Measurement of the amplitudes and phases of the lines of a bunched comb, showing a series of superoscillators. Each superoscillator exhibits a phase shift of π between the highest-and second-highest-amplitude lines, exactly as predicted by the model. (d) Fits (blue) of equation (2) with an arbitrary frequency offset, multiplied by a hyperbolic secant with arbitrary width and frequency offset, to the peaks of the comb amplitude spectra (red) shown in Figure 3 . Also shown are the phase spectra (green) calculated from the fits and some measured comb line phases (black).
In summary, we present an intuitive frequency-domain model for microresonator-based frequency combs that describes the spectra in terms of collective excitations of neighboring comb lines. The envelopes of the spectra can be understood both in the frequency domain from a shifting detuning parabola and in the time domain from anomalous spacings in otherwise regular soliton crystals [9] .
